Abstract-In this paper we present a stabilizing and coordinating control law for a network of spinning rigid bodies with unstable dynamics. The control law stabilizes each rigid body to spin about its unstable, intermediate axis while also aligning all of the spinning rigid bodies so that their orientations in inertial space are identical. The control law is derived using kinetic energy shaping for stabilization and potential shaping for coupling. The coupled system is Lagrangian with symmetry, and energy methods are used to prove stability and coordinated behavior.
I. INTRODUCTION
Coordinated groups of autonomous vehicles can serve as mobile communication and sensor networks. Networks of communicating, sensor-equipped autonomous vehicles are of interest in a growing number of applications; for example, a fleet of underwater gliders was used collectively for adaptive ocean sampling in Monterey Bay, California in August 2003 [5] .
In the case that the individual nodes, i.e., vehicles, in the network have nontrivial or even unstable dynamics, an integrated treatment of stabilization and coordination may be critical. In [10] , we studied coordinated control of networked mechanical systems with unstable dynamics and proved stabilized, coordinated motion of a network of controlled carts each balancing an inverted pendulum.
In this paper, each node in the network is modelled as a free rigid body in three-dimensional physical space. An example is a communication network consisting of a coordinated constellation of rigid satellites. Distributing the tasks of a single spacecraft over a group can yield a more robust system architecture. Satellite groups also allow for greater resolution by providing spatially distributed simultaneous measurements. For more details on these and other applications, see [13] and references therein.
We consider the problem of coordinating the network so that the rigid bodies spin stably and synchronously with orientations all alike. We prove stable coordination of such a network even in the challenging case in which each rigid body is required to spin about its unstable, intermediate axis.
In [13] the authors consider a similar problem. However, their control law cancels all the natural dynamics of the individual rigid bodies. In our solution, we do not destroy the Hamiltonian structure of the system.
Stabilization of an individual rigid body spinning about its unstable, intermediate axis is addressed in §II with a control law that effectively shapes kinetic energy. In the spirit of [1] , [2] , the control law is designed so that the controlled system is described by a Lagrangian, and the formerly unstable spin equilibrium is stable for the dynamics described by this controlled Lagrangian.
To coordinate the rigid bodies in the network we introduce in §III control inputs that artificially couple the individuals; these coupling forces derive from potentials that depend on relative orientations of individuals. As a result, the coordinated network dynamics look like the dynamics of a coupled multi-body mechanical system, and tools from mechanics can be used for analysis and design. Using a Lagrangian framework, we prove stability of the coordinated spinning rigid bodies, assuming that each rigid body is spinning about its stable, short axis (principal axis with largest moment of inertia) and the communication graph for the network is connected. Scalability with number of nodes is an advantage of the approach.
Symmetry and reduction for the dynamics of the coordinated rigid body network with these same kind of coupling potentials were studied in [6] using a Hamiltonian framework. The coordinating control law derived from the coupling potentials presented here and in [6] is also related to those of [3] , [11] constructed for the asymptotic tracking of a desired attitude for satellites and helicopters. In these latter works, however, cancellation of the natural dynamics is required for stabilization whereas here the Lagrangian nature of the dynamics are preserved and the Lagrangian structure used to prove stability.
In §IV, we prove that the superposition of the kinetic shaping and the potential shaping control laws stably coordinates the rigid body network as desired with each rigid body spinning about its unstable axis. We briefly discuss asymptotic stabilization in §V.
II. SPIN STABILIZATION OF A RIGID BODY ABOUT ITS
UNSTABLE AXIS Consider a rigid body and let its principal moments of inertia with respect to a coordinate frame fixed on the body be given by I 1 , I 2 , I 3 where I 1 > I 2 > I 3 . It is well known that steady spin of the rigid body is stable about body axis 1 (and body axis 3) which is the principal axis with largest (smallest) moment of inertia I 1 (I 3 ) but is unstable about body axis 2 (the "middle" axis) which corresponds to the moment of inertia of intermediate value I 2 .
In this section we derive a control law to stabilize steady spin of a rigid body about its unstable, middle axis. The idea, from [1] , is to use controls such that the closed-loop dynamics are described by rigid body dynamics with modified principal moments of inertia and therefore modified stability properties. In particular, we choose control gains so that the moment of inertia corresponding to the middle axis is made largest and steady spin about this axis is therefore stable. We are effectively making the middle axis in the original system look like the short axis, the short axis look like the long axis, and the long axis look like the intermediate axis in the closed-loop dynamics.
Our approach differs somewhat from [1] . There, the authors show stabilization using a single control input and choose an external torque about the long axis to stabilize the middle axis rotation. By doing so, they also deform the original Poisson structure of the system: originally the system dynamics evolve on so(3)
* but the closed-loop system dynamics evolve on so(2, 1)
* . The space so(3) * is the dual of the Lie algebra of the rotation group
is the dual of the Lie algebra of the Lie group SO(2, 1) = {P ∈ (R) 3×3 | det(P ) = 1, P T I 2,1 P = I 2,1 } where I 2,1 is a diagonal matrix with entries {1, 1, −1}. In our approach, we use two external control inputs and avoid deforming the Poisson structure, i.e., the controlled system dynamics evolve on so(3)
* . This is necessary in order to integrate the stabilization control law with the coordination control law described in §III. The coordination formulation treats each individual as a rigid body with dynamics evolving on so(3) * and uses potentials that depend upon relative orientations.
Let the angular velocity of the rigid body in the body frame be Ω = ((Ω) 1 , (Ω) 2 , (Ω) 3 ). The Lagrangian and equations of motion in the body frame are L = 1 2
(1)
Here, u are external control torques about the 2 and 3 axes which we use for kinetic shaping. The goal is to stabilize middle axis rotationΩ = (0, (Ω) 2 , 0) which is unstable for the open-loop system. We do this by choosing controls such that the closedloop system is again a rigid body with Lagrangian L c = 1 2
where ρ 2 and ρ 3 are constant scalars to be determined and ρ 2 I 2 > ρ 3 I 3 > I 1 . With this choice the middle axis of the initial system can effectively be made the short axis of the closed-loop system and hence stable. The rigid body equations of motion corresponding to L c are
The condition for the dynamics in the first equation of (1) to match the first equation of (2) is I 2 −I 3 = ρ 2 I 2 −ρ 3 I 3 > 0. To ensure this matching, we choose ρ 3 > I 1 I 3 > 1 and
It can be verified that we now have
The ordering for the principal moments of inertia has effectively been changed so that what was the middle axis is now the short axis and what was the short axis has become the long axis. The control law is computed to make the second and third equations in (1) match those of (2):
Since a rigid body rotating about its short axis is stable, by making the middle axis a short axis, we have stabilized the unstable dynamics. Therefore, we have the following theorem.
Theorem 2.1: The control law given by (3) and (4) stabilizes the rigid body rotating about its intermediate axis.
III. COORDINATION OF RIGID BODY NETWORK WITH STABLE DYNAMICS
In the previous section, we showed how to stabilize the middle axis rotation of a rigid body using kinetic shaping. We now proceed to show how potential coupling can be used to align the orientations of n rigid bodies in inertial space while each rigid body rotates about its stable, short axis. In the next section, we put the two results together to coordinate n rigid bodies, each controlled to rotate stably about its intermediate, unstable axis.
The phase space for the whole n-rigid-body system is n copies of T SO(3) which we denote by
manifold is represented by
where R i ∈ SO(3) is the rotation matrix describing the orientation of the ith body. Let the Lagrangian for the i th rigid body be L i = 1 2 Ω T i I i Ω i where I i and Ω i are the moment of inertia matrix and angular velocity, respectively, of body i in the i th frame. The expression for Ω i is given byṘ i = R iΩi , where for arbitrary vectors v, w ∈ R 3 , vw = v × w, the vector cross product of v and w. This, in particular, says that Ω i is the left translate ofṘ i to the identity of SO (3). Similarly, the angular velocity of the i th body in the inertial frame ω i = R i Ω i is the right translate ofṘ i to the identity, i.e.,Ṙ i =ω i R i . Note thatω
For this uncoupled system we have full SO (3) n symmetry under the diagonal action. This can be seen by noting that the Lagrangian L net is independent of R i , i = 1, . . . , n. The corresponding reduced dynamics on T (SO (3) n )/SO(3) n = (so(3) * ) n are for each i = 1, . . . , n
where u ps i is a vector of control torques applied to the ith body. The superscript ps identifies these control inputs as potential shaping terms.
To couple the n rigid bodies we use control inputs u ps i that realize a potential that breaks n − 1 copies of SO(3) symmetry, leaving only SO(3) symmetry. This is done using a potential that depends only on the relative orientations of the rigid bodies. Consider the potential V = σtr(
The equations of motion for the controlled system corresponding to this Lagrangian L netc on the reduced space T (SO (3) n )/SO(3) can be derived using variational principles. An important step is to choose a connection to identify T (SO (3) n )/SO(3) and T (SO(3) n−1 )⊕ so(3), where so(3) is the adjoint bundle with base SO (3) n−1 . We only state here the final result. These equations are also derived in [6] using Poisson reduction. The equation of motion for the i th body is
where
and ∆ i , Σ i , Γ i are the column vectors of R −1 i+1 R i and u 0 = u n = 0. Here, e 1 = (1, 0, 0) T , e 2 = (0, 1, 0) T and e 3 = (0, 0, 1)
T . Remarks 1) Forces are equal and opposite in inertial space according to Newton's third law. Here we see that they are equal and opposite in the body frames as well. This is because the vector u ps i is the eigenvector of R T i+1 R i as we shall show below. 2) If we consider a graph with vertices representing the bodies and edges the potential between them, then the potential we have chosen is 'minimal', i.e., the graph is connected.
We are interested in the relative equilibrium given by
where i = 1, . . . , n. Here, we are looking for solutions where each body is rotating about its middle axis and the bodies are aligned, i.e., R 1 = R 2 = . . . = R n . That this is indeed a relative equilibrium can be easily checked. We now study stability properties of the above system using the Energy-Momentum method. Let π i = R i I i Ω i be the angular momentum of the i th body in inertial space. The momentum phase space is T * (SO(3) n ) and the momentum map is
The Energy-Momentum Method [ 
9]
The Energy-Momentum method is a technique for proving stability of relative equilibria. For simple mechanical systems, we have the following setting: A symplectic manifold P = T * Q with a symplectic action of a Lie group G on P and an equivariant momentum map J : P → g * and a G−invariant Hamiltonian H : P → R. If the Hamiltonian vector at the point z e ∈ P points in the direction of the group orbit through z e , then the point is called a relative equilibrium. It can be shown [9] that z e is a relative equilibrium iff there is a ξ ∈ g such that z e (t) is a critical point of the augmented Hamiltonian H ξ (z) := H(z)− < J − µ, ξ > where µ = J (z e ).
Definition 3.1: Let S ⊂ ker DJ (z e ) and S be transverse to the G µ −orbit within ker DJ (z e ), where
The Energy-Momentum Theorem [9] . If δ 2 H ξ (z e ) is definite on the subspace S, then z e is G µ −orbitally stable in J −1 (µ) and G−orbitally stable in P .
For our problem, the augmented Hamiltonian is given by
where H is the Hamiltonian of the controlled network (corresponding to L netc ),
Here, ξ is the common angular velocity of the rigid bodies at the equilibrium and µ is the corresponding total angular momentum at the relative equilibrium. Let I
where I i is the constant moment of inertia matrix of body i in its own frame and I li is the moment of inertia of the i th body in the inertial (lab) frame. We will need the following two lemmas for our calculations. 
.
Since a is arbitrary, Rv = v, i.e., v is the eigenvector of R corresponding to eigenvalue 1.
Lemma 3.4:
For R ∈ SO(3) and a, b ∈ R 3 , we have tr(Râb) = a T Rb − (a · b)tr(R). Proof Let {c 1 , c 2 , c 3 } be the columns of R. Then,
i+1 . Then using Lemma 3.3, we get the following expression for the first variation of H ξ :
where u 0e = u ne = 0 and I −1
li | eq . Note that u ie = 0 when R i = R i+1 . Therefore, δH ξ | eq = 0 when the following conditions hold,
where λ i is an eigenvalue of I −1
lei . An equilibrium given by (12) corresponds to a system in which all the bodies have the same orientation and each is rotating about the same principle axis at the same rate. Note that we can have a system where each body has the same rotation matrix, but different 'physical orientations'. This is because we have a freedom in labelling the principal axes for each body. This is related to the freedom in choosing the matrix K [6] .
Next we compute the second variation of H ξ using Lemma 3.4:
li δπ i + 2δπ
Therefore, for identical bodies with body moment of inertia matrices I 1 = I 2 = . . . = I n = I, at the relative equilibrium given by (12), we have
le δπ i + 2δπ
We will show that the sum of the above two expressions is positive definite restricted to the subspace S = {(δθ 1 , . . . , δθ n , δπ 1 , . . . , δπ n )| n i=1 δπ i = 0, ( n i=1 δθ i ) ⊥ π e } for sufficiently negative σ. Restricted to S, (16)-(17) can be written as
where we have substituted δπ n = − n−1 j=1 δπ j in the expression linear in δπ i in (16). Now suppose λ i = 1 (I i ) 1 = 1 (I) 1 = λ for i = 1, . . . , n, i.e, each body is rotating about its short axis (the original equilibrium of interest (7)).
Lemma 3.5:
Suppose A, B are constant matrices with A symmetric positive definite. Let ν 1 , ν 2 , ν 3 be the eigenvalues of
T By − ky T y > 0. Proof Since A is symmetric positive definite, we can find a symmetric A such that A = A A . Therefore,
From the above expression we see that if k < − max{ν 1 , ν 2 , ν 3 }, the only way the expression can be zero is when x = y = 0. Otherwise it is greater than zero.
Using the above lemma, we get that if we choose le − λI) consists of vectors parallel to π e . But these vectors are excluded when we evaluate this onπ e δθ i . Therefore, the only time δ 2 H ξ | eq = 0 is when δπ i = 0, δθ i = δθ i+1 and δθ i π e for i = 1, . . . , n. Now if each δθ i π e , then ( n i=1 δθ i ) π e . But this case is excluded from the subspace S. Hence, δ 2 H ξ | eq is definite when evaluated on the subspace S. Theorem 3.6: For the n rigid body problem, the relative equilibrium (7) is stabilized with the potential shaping control law given above. This equilibrium corresponds to all n rigid bodies having the same orientation with each one rotating about its short axis.
IV. COORDINATION OF RIGID BODY NETWORK WITH UNSTABLE DYNAMICS
We now show how to stabilize the relative equilibrium corresponding to the bodies oriented alike with each body rotating about its unstable, middle axis. The idea is to use kinetic shaping from §II to stabilize the unstable rotation and potential shaping form §III to coordinate the orientations of the bodies.
Consider the controlled dynamics for the ith body given by
where u ps i is the potential shaping control term defined by (6) . The kinetic shaping control terms u ks i2 , u ks i3 are as given in (3) and (4) for the ith body. It can easily be checked that the closed-loop equations now have the form (5), but with the original middle axis now the short axis. Hence, we get the following corollary.
Corollary 4.1:
The relative equilibrium corresponding to n rigid bodies with the same orientation and each rotating about its unstable, middle axis, is stabilized for the controlled dynamics of (19).
In the next section, we discuss the issues related to asymptotically stabilize the coupled spinning rigid bodies.
V. ASYMPTOTIC STABILITY
In this section, we first discuss how to achieve asymptotic stability for the single rigid body case and then conclude with issues related to the multi-body case.
For the single rigid body, we are interested in the equilibrium Ω =Ω = ((Ω) 1 , 0, 0). LetΠ = IΩ. It can be shown, using the Energy Casimir method, that the function H C defined as
has the property that δH C = 0 and δ 2 H C is positive definite when Ω =Ω [9] . Hence, H C can be used as a Lyapunov function and the dissipation chosen such thatḢ C ≤ 0. Combining the above control law with kinetic shaping from §II, stabilization of spin about other axis can also be studied. Asymptotic stabilization of the n coupled rigid body case turns out to be more difficult. For the single body case, H C can be used as a Lyapunov function. On the other hand, for the n body case, H ξ , used above to prove stability, is not a Lyapunov function over the relevant phase space. It is a Lyapunov function only when restricted to the subspace S defined following equation (17). We expect that in proving asymptotic stability we will use the fact that H ξ is definite on S. The works of Patrick [12] and Jalnapurkar [8] , [7] should also prove useful for this effort. Jalnapurkar especially looks at the problem of asymptotic stabilization of relative equilibria.
VI. FUTURE WORK
One of our immediate future task is to complete the work remaining on obtaining asymptotic stability for the group of coupled spinning rigid bodies. We plan further to address tracking problems for the coordinated network. A variable communication network can be used to study the effects of changing network topology either due to signal power limitations or due to failure. Performance and robustness issues are also interesting avenues to be explored.
